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1. INTRODUCTION 
Let x0, x l , . . . ,  x~ be independent points in the n-dimensional Euclidean space R". Let [x0, xl, 
. . . .  x, d, V,~, and R denote an n-simplex generated by x0, X l , . . . ,  x~, the volume of Ix0, :~:1 . . . . .  x,~] 
and the circumradius of the triangle Ix0, xl, x2], respectively. It follows from the sine law 
a b c 
- -  - - 2R 
sin A silt B sin C 
~hat the area 1/2 is given by 
1/'2 = 1_ bc sin A 
2 
= 2R 2 sin A sin B sin C. 
(1) 
In this paper, we derive a three-dimensional version of formula (1) for a tetrahedron in terms 
of its six dihedral angles and the eireumradius. 
2.  VOLUME OF  A TETRAHEDRON IN  TERMS 
For n = 3, the volume 173 [1, Section 9.7] is given by 
(--1) 3+1 1 Fx  , 
Va 2 - 2a(3!) 2 F(x0 . . . .  , xa) = 2--~ (' '° . . . . .  x3) 
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where 
r (xo , . . .  ,x3) = 
0 1 1 1 1 
1 0 /012 1022 1032 
1 /102 0 1122 1132 
1 /202 12t 2 0 1232 
1 /302 /312 /322 0 
It is known [1, Section 9.7] that  the circumradius R is given by 
R 2 - 1 A(x0 , . . . ,  X3) 
2 r (X0 , - . . ,X3) '  
where A(x0 , . . . ,  x3) = 
This gives another volume formula for a tetrahedron, 
va = , / -A (xo , . . . ,  z3) 
24R 
0 /ol 2 /o22 /o32 
/lo 2 0 /122 /132 
12o 2 1212 0 1232 
13o 2 /312 /a22 0 
NOTATION. Suppose xo, xl ,  x2, and x3 are four independent points in R 3. T is the tetrahedron 
[xo, Xl, x2, x3]. Ao, Ax, As, A3 are the 2-faces of T given by xi ¢ Ai for i = 0, 1, 2, 3. The general 
index (i, j, k, l) will be a permutat ion of (0, 1,2, 3). aij stands for the 1-simplex Ai N Aj, so that 
a~j = [Xk, xz]. Oij represents the interior dihedral angle between Ai and Aj. 
We will use the following abbreviations: sij = sin0ij for every i , j  E {0, 1, 2, 3}, i # j. Ai and 
aij will also represent the area of Ai and the length of aij , respectively. 
THEOREM 1. Let R be the circumradius and Oij, i , j  E {0, 1, 2, 3}, i 7£ j, be the dihedral angles 
of a tetrahedron. Then the volume V of the tetrahedron is given by 
V = 32 NoNIN2N3 R3 ' 
3 M3/2 
where 
and 
PROOF. It is obvious that  
for every i, j C {0, 1,2, 3}, 
of A: 
we get 
Y -- - -  
N/ 
cos0ki cos0kj 
M = _ 
1 cos Oij cos Oik 
COS Oji 1 COS Ojk 
0 sin 2 001 sin s 002 sin 2 003 
sin 2 010 0 sin 2 012 sin 2 013 
sin 2 020 sin 2 021 0 sin s 023 
sin 2 030 sin s 031 sin s 032 0 
3__ V _ AiAj sin Oij 
, (2) 
2 aij 
i 7£ j.  Substituting aij from equation (2) into the following expansion 
v='/(_-A,x0,..., X3) 
24R 
1 
-- 24R((aola23 + ao2a13 + ao3a12)(-aola23 + ao2a13 + ao3a12) 
x (aola23 - ao2a13 + ao3a12)(ama23 + ao2a13 - ao3a12)) 1/2, 
1 (4AoA1A2A3~ 2 
24R \ 9V 2 ,] ((sins23 + so2s13 + so3s12)(-sms23 + so2s13 + so3s12) 
X (S01823 --'802S13 "t- 803812)(S01S23 + 802813 -- 303812)) 1/2 
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or  
2 
V s - (AoA~A~A3)~v/-~I. 
35R 
Consider the faces meeting at x~. By a result of Lagrange [2, p. 232], 
(3) 
(6V) 2 = 8AiAjA~:NI 1/2. 
Thus, 
(AoAIA2A3)  3 = (AoA,A2)(A3AoA1)(A'~A3Ao)(A1A'2A3) 
(sv)  ~ 
84 ( NoNI  N,~ N:~ )l / 2 " 
Substituting this into the cube of equation (3) gives 
V 15 = 23(6V) 16-~I3/'2 
31588 (NoNI  N2 Na ) R 3 ' 
from which the theorem follows. 
COROLLARY 2. The volume of a regular tetrahedron with circumradius R is (8~/3/27)/? :~. 
P[~OOF. Since all the dihedral angles are the same, 
V = m 
3 :1 32v/SR 3 (1 - 3 cos 2 0 - 2 cos 0) 
27 sin 12 0 
The condition of regularity implies that cos 0 = 1/3 and the result follows. | 
A Coxeter diagram is a convenient means of describing tetrahedra related to groups generated 
by reflections. From [3], there are only three Euclidean Coxeter diagrams of dimension three. 
The three diagrams represent he Euclidean tetrahedra T(Oot, 0o'2,003,012,013, 02:~), given by 
EXAMPLE 3. 
2tS 
(~~_~)  
The volumes of Coxeter tetrahedra with a circumscribed radius R are r~oresented 
vo lT  7r 7r :r :r ~r R 3" 
'~'5'5'5'  7,~ 
vo l t  '5 '~ '5 '~ '  7S 
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